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On spin models and triply regular
association schemes





$n\cross n$ $W$ weight function $V$
$\{$ 1, . . . , $n\}$ state state $\sigma$ $u$ $v$
$e$ $W_{e}(\sigma(u), \sigma(v))$
$<G|\sigma>$ $(G, W)$ partition function
$Z$
$Z(G \rangle W)=\sum_{\sigma}<G|\sigma>$






weight function $W_{+)}W_{-}$ 2 $\circ W_{+},W_{-}$
3 $(X, W_{+}, W_{-})$ spin model $\circ$
(0) $W_{+}(\alpha, \beta)=W_{+}(\beta, \alpha),$ $W_{-}(\alpha, \beta)=W_{-}(\beta, \alpha)$
(1) $W_{+}(\alpha, \beta)W_{-}(\alpha, \beta)=1$
(2) $\sum_{x}W_{+}(\alpha, x)W_{-}(x, \beta)=n\delta(\alpha, \beta)$




$\{1, \ldots, n\}$ $\delta$
$()^{|V|}Z(G(L)W)$ link $L$ (Jones)
2 Association schemes
2 $X$ $|X|=n$ $R_{i}(i=0, \cdots, d)$ $X\cross X$
$\mathcal{X}=(X, \{R_{i}\}_{i=0,\cdots,d})$ (symmetric) association scheme
with classes $d$ 4
(i) $R_{0}=\{(x, x)|x\in X\}$
(ii) $R_{0}\cup R_{1}\cup\cdots\cup R_{d}=X\cross X$ , $R_{i}\cap R_{j}=\phi(i\neq j)$
(iii) $R_{i}^{T}=\{(y, x)|(x,y)\in R_{i}\}=R$;
(iv) $(x, y)\in R_{k}$ $\{z\in X|(x, z)\in R;, (z, y)\in R_{j}\}$
$i,$ $j,$ $k$ $p^{k_{j}}$
$R_{i}$ $0$ 1 $nxn$ $A$ ;
$(x, y)\in R$; $A_{i}(x, y)=1$ $(x, y)\not\in R_{i}$
$A_{i}(x, y)=0$ (i), $\ldots,$ $(iv)$
$(i’)$ $A_{0}=I$ ( )






$\cdots,$ $A_{d}>$ association scheme $\mathcal{X}$




$G$ $Z_{G}=Z(G, W)$ $W_{e}$
$Z_{G}:A\otimes\cdots\otimes Aarrow$ $C$














$\mu$ : $\mathcal{A}\otimes \mathcal{A}arrow \mathcal{A}$ Hadamard









$\theta^{arrowarrow}$ I $\theta^{l}$ $0$
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$\varphi$ $X=\{1, \cdots, n\}$ 2
$\pi,$
$\pi^{*}:$ $A\otimes \mathcal{A}\otimes Aarrow\varphi\otimes\varphi\otimes\varphi$
$\pi(A\otimes B\otimes C)$
$:= \sum_{\alpha,\beta,\gamma}\sum_{x}A(\alpha, x)B(\beta, x)C(\gamma)x)\alpha\otimes\beta\otimes\gamma$
$\pi^{*}(A\otimes B\otimes C)$
$:= \sum_{\alpha,\beta,\gamma}A(\beta, \gamma)B(\gamma, \alpha)C(\alpha, \beta)\alpha\otimes\beta\otimes\gamma$
3 association scheme $\mathcal{X}=(X, \{R_{i}\}_{i=0,\cdots,d})$ triply regular
$i,$ $j$
)
$k,$ $u,$ $v,$ $w$ $k,uvw$




$\sum_{\alpha_{)}\beta,\gamma}\sum_{x}A_{i}(\alpha, x)A_{j}(\beta, x)A_{k}(\gamma, x)\alpha\otimes\beta\otimes\gamma$
$=$
$\sum_{\alpha,\beta,\gamma}\sum_{u,v,w}A_{u}(\beta)\gamma)A_{v}(\gamma, \alpha)A_{w}(\alpha, \beta)K_{ijk,uvw}\alpha\otimes\beta\otimes\gamma$




$=$ $\pi^{*}(K(A_{u}\otimes A_{v}\otimes A_{w})$
$K$ : $\mathcal{A}\otimes \mathcal{A}\otimes Aarrow \mathcal{A}\otimes \mathcal{A}\otimes A$
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4 $\mathcal{A}$ triply regular $\pi=\pi^{*}oK$
$K$ : $\mathcal{A}^{\otimes 3}arrow \mathcal{A}^{\otimes 3}$







$K^{*}$ : $A^{\otimes 3}arrow A^{\otimes 3}$ $Im\pi=Im\pi^{*}$
6 $A$ exactly triply regolar $Im\pi=Im\pi^{*}$
$A$ triply regular $Im\pi\subseteq Im\pi^{*}$
7 $G$ $\mathcal{A}$ exactly triply regular $Z_{G}$
extended $\triangle-Y$ transformation
8 $Z_{G}$ $A$ parameter $(n, \theta, \theta^{*}, \mu, \mu^{*}, K, K^{*})$
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3 examples and applications
9 strongly regular subconstituents strongly regular graph
triply regular
10 [3] link distance regular
graph triply regular
11 $A$ exactly triply regular $W_{+)}W_{-}\in A$ link spin model
extended $\triangle-Y$ transformation link
extended $\Delta-Y$ transformation diagram
$\sum\kappa_{i^{k,\iota xvur}}\tilde{l}$
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